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Summary

Bayesian Linear Models are very useful in many fields!
1. Uncertainty Estimation in NNs (through linearisation)

2. Climate Prediction, Economics, Geology, Computational Biology

3. Bandits / RL

Problem: Posterior inference and hyperparameter selection is intractable with
millions of observations and millions of parameters due to cubic scaling.

Solution: We cast inference and hyperparameter selection as a sequence of
quadratic optimisation problems. We can solve these relatively easily for high

dimensional problems with roughly linear scaling.
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Uncertainty estimation through NN Linearisation

o Given a neural network f : RY — R parameterised by 0 € R

e We estimate uncertainty in f(x) as uncertainty in the tangent linear model around MAP w
h(@,x) =f(w,x)+ V f(w,x)(0 —w), 0~ /0, A

e For a Gaussian likelihood (i.e regression), the linear model’s posterior is Gaussian.

e Approximate the predictive distribution of the NN as

N (f(w, x), p()Z(x)")

where ¢(x) =V, f(w,x) and X a posterior covariance over ¢

® We can generalise this to non-Gaussian likelihoods (i.e. classification) by ‘Gaussianising’ with
the Laplace approximation



Linearised NNs work well

Corrupted CIFAR10 (Ovadia 2019) Model:
Severity = 5 ResNet-18 with 11M weights

Clean Severity =1 Severity = 2 Severity = 3 Severity = 4

Inference:
Lin Laplace Subnetwork
(Daxberger et. al. 2021)

“Bayesian Deep Learning via Subnetwork Inference”

Baselines:

* Diagonal Laplace
 MC Dropout (Gal 2016)

0 1 2 3 4 5

_ (Lakshminarayanan 2017)
corruption e SWAG (Maddox 2019)
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Consider: Bayesian Linear Models

y; = ¢(x;)0 + 1,

y; € R” —>  Y=[y,....y,] € R™

0 € R? :

P(x) € R —> O = [p(x))],...,dp(x) ] € R
e {1,...n} :
i
0~ N0, A :
i
i

7]1' ~ ‘/V(Oa Bi_l)
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Consider: Bayesian Linear Models

e Number of parametersislarge d > 1e6

y; = ¢p(x;)0 + 1,

e Observation spaceislarge n-m > leb

i € RY — P Y=[yoT,-..,ynT]TeR”m
0 € R? .
¢(‘xi) = Rde _’: (I) — [¢('XO)T9 e ¢(Xn)T]T e an}(d
e {1,...,n} :
I
I
9 ™~ ‘/V(OaA_l) 1
n, ~ N0, Bi_l) _:_» B = Bi X In c [RrmXxnm
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Inference In Bayesian Linear Models

We want to:
1. Find the posterior distribution over parameters 6.

2. Tune the L2 regularisation strength A.

4.5TB (resnetl8)

Loss landscape £ (0) = —HY CDHHB + H@HA is quadratic with curvature | H .= O'BO + A
— both tasks can be performed In closed form:

O(d>)
1. Posterior is /l/(é’,, 0=H '®'BY O(d’)

1
2. Model evidence can be used to tune hyperparameters, #(A) = Z£(0) — 2logdetH
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ldea 1: Sample from the posterior with stochastic optimisation

7* ~ N (O, H _1) it z* = argmin, L(z7)

|
L(z) = Z le; — ¢pOzl3 + Nz =03 &~ VOB
; ~ N(0,A7h)

1

1. Noise-fit term.
» Depends on each observation’s feature expansion so it needs to be minibatched.
* Very large variance when estimated stochastically.
2. Regularisation term.

*\WWe can compute its gradient in closed form.
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Solution 1: Variance reduction for stochastic optimisation-based sampler

L) = ) lle—p@zll3 + llz — 6°113
=1

2
1
. O(d) l %z[eOT,...,GnTTEIR”m
L@ = Y(pe)zIDy lz -0, 6" =6+ A~ d"BE
=1

2

1

Random noise appears as a part of 2, the term for which we can compute exact gradients!



Lvs Ll

L) = ) llei= @l + iz =l L) =Y Nlpee)zll3 + llz — 6"l
i=1 =1

Both objectives are equal (L(z) = L'(z)) but their mini-batch estimators have different
variances!

sample error norm vs batch size
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L) = ) llei= @l + iz =l L) =Y Nlpee)zll3 + llz — 6"l
i=1 =1

Both objectives are equal (L(z) = L'(z)) but their mini-batch estimators have different
variances!
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Solution 2: Optimise the model evidence using only samples

o logdet H ~! cannot be estimated from samples...

e MacKay proposed an alternative first order optimal update for a(assumeA = al)

Tr(H ! ®'B®) Tr(H™' M)
o = —

10112 10112

O(kdnm)

® This can be estimated using only samples from the posterior

Tr{H'M} =Tr {H_TlMH_TI} = E |2/ Mz

M-step convergence comparison

=@= Exact evidence

+ My(A)
ELBO(g, A)
=== Mackay update




Stability of estimator: 1 sample is enough

ResNet-18 (d = 11M) on CIFAR-100 (nm = SM)

a. '\ samples
§ 104 l.f, ‘?v'p " "“’."‘. -.- 1
2_, ’ 8 e 3
ke ! & 6
S, 1 -2 12
0123456

EM steps



Demonstration: Scalable Uncertainty Estimation in NNs

ResNet-18 (d = 11M) on CIFAR-100 (nm = SM)

Clean Severity = 1 Severity = 2 Severity = 3 Severity = 4 Severity = 5

test LL
|

- Ensemble (5)

= Sampling-Probit

0 1 2 3 4 5
corruption severity
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